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Exact General Relativistic Perfect Fluid Disks with Halos
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Patricio. S. Letelier†
Departamento de Matema´tica Aplicada-IMECC, Universidade Estadual de Campinas, 13081-970 Campinas, S.P., Brazil
Using the well-known “displace, cut and reflect” method used to generate disks from given solu-
tions of Einstein field equations, we construct static disks made of perfect fluid based on vacuum
Schwarzschild’s solution in isotropic coordinates. The same method is applied to different exact
solutions to the Einstein’s equations that represent static spheres of perfect fluids. We construct
several models of disks with axially symmetric perfect fluid halos.
All disks have some common features: surface energy density and pressures decrease monotonically
and rapidly with radius. As the “cut” parameter a decreases, the disks become more relativistic,
with surface energy density and pressure more concentrated near the center. Also regions of unstable
circular orbits are more likely to appear for high relativistic disks. Parameters can be chosen so
that the sound velocity in the fluid and the tangential velocity of test particles in circular motion
are less then the velocity of light. This tangential velocity first increases with radius and reaches a
maximum.
PACS numbers: numbers: 04.20.Jb, 04.40.-b, 97.10.Gz
I. INTRODUCTION
Axially symmetric solutions of Einstein’s field equations corresponding to disklike configurations of matter are
of great astrophysical interest, since they can be used as models of galaxies or accretion disks. These solutions can be
static or stationary and with or without radial pressure. Solutions for static disks without radial pressure were first
studied by Bonnor and Sackfield [1], and Morgan and Morgan [2], and with radial pressure by Morgan and Morgan
[3]. Disks with radial tension have been considered in [4], and models of disks with electric fields [5], magnetic fields
[6], and both magnetic and electric fields have been introduced recently [7]. Solutions for self-similar static disks were
analyzed by Lynden-Bell and Pineault [8], and Lemos [9]. The superposition of static disks with black holes were
considered by Lemos and Letelier [10, 11, 12], and Klein [13]. Also Bic˘a´k, Lynden-Bell and Katz [14] studied static
disks as sources of known vacuum spacetimes and Bic˘a´k, Lynden-Bell and Pichon [15] found an infinity number of
new static solutions. For a recent survey on relativistic gravitating disks, see [16].
The principal method to generate the above mentioned solution is the “displace, cut and reflect” method. One
of the main problem of the solutions generated by using this simple method is that usually the matter content of
the disk is anisotropic i.e., the radial pressure is different from the azimuthal pressure. In most of the solutions the
radial pressure is null. This made these solutions rather unphysical. Even though, one can argue that when no radial
pressure is present stability can be achieved if we have two circular streams of particles moving in opposite directions
(counter rotating hypothesis, see for instance [14]).
In this article we apply the “displace, cut and reflect” method on spherically symmetric solutions of Einstein’s
field equations in isotropic coordinates to generate static disks made of a perfect fluid, i.e., with radial pressure equal
to tangential pressure and also disks of perfect fluid surrounded by an halo made of perfect fluid matter.
The article is divided as follows. Section II gives an overview of the “displace, cut and reflect” method. Also
we present the basic equations used to calculate the main physical variables of the disks. In section III we apply
the formalism to obtain the simplest model of disk, that is based on Schwarzschild’s vacuum solution in isotropic
coordinate. The generated class of disks is made of a perfect fluid with well behaved density and pressure. Section IV
presents some models of disks with halos obtained from different known exact solutions of Einstein’s field equations
for static spheres of perfect fluid in isotropic coordinates. In section V we give some examples of disks with halo
generated from spheres composed of fluid layers. Section VI is devoted to discussion of the results.
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FIG. 1: An illustration of the “displace, cut and reflect” method for the generation of disks. In A the spacetime with a
singularity is displaced and cut by a plane (dotted line), in B the part with singularities is disregarded and the upper part is
reflected on the plane.
II. EINSTEIN EQUATIONS AND DISKS
For a static spherically symmetric spacetime the general line element in isotropic spherical coordinates can be
cast as,
ds2 = eν(r)dt2 − eλ(r) [dr2 + r2(dθ2 + sin2 θdϕ2)] . (1)
In cylindrical coordinates (t,R,z,ϕ) the line element (1) takes the form,
ds2 = eν(R,z)dt2 − eλ(R,z) (dR2 + dz2 +R2dϕ2) . (2)
The metric of the disk will be constructed using the well known “displace, cut and reflect” method that was
used by Kuzmin [17] in Newtonian gravity and later in general relativity by many authors [4]-[16]. The material
content of the disk will be described by functions that are distributions with support on the disk. The method
can be divided in the following steps that are illustrated in Fig. 1: First, in a space wherein we have a compact
source of gravitational field, we choose a surface (in our case, the plane z = 0) that divides the space in two pieces:
one with no singularities or sources and the other with the sources. Then we disregard the part of the space with
singularities and use the surface to make an inversion of the nonsingular part of the space. This results in a space
with a singularity that is a delta function with support on z = 0. This procedure is mathematically equivalent to
make the transformation z → |z| + a, with a constant. In the Einstein tensor we have first and second derivatives
of z. Since ∂z |z| = 2ϑ(z) − 1 and ∂zz|z| = 2δ(z), where ϑ(z) and δ(z) are, respectively, the Heaviside function and
the Dirac distribution. Therefore the Einstein field equations will separate in two different pieces [18]: one valid for
z 6= 0 (the usual Einstein’s equations), and other involving distributions with an associated energy-momentum tensor,
Tab = Qabδ(z), with support on z = 0. For the metric (2), the non-zero components of Qab are
Qtt =
1
16pi
[−bzz + gzz(bRR + bzz + bϕϕ)] , (3)
QRR = Q
ϕ
ϕ =
1
16pi
[−bzz + gzz(btt + bRR + bzz)] , (4)
where bab denote the jump of the first derivatives of the metric tensor on the plane z = 0,
bab = gab,z|z=0+ − gab,z|z=0− , (5)
and the other quantities are evaluated at z = 0+. The “true” surface energy-momentum tensor of the disk can be
written as Sab =
√−gzzQab, thus the surface energy density σ and the radial and azimuthal pressures or tensions (P )
read:
σ =
√−gzzQtt, P = −
√−gzzQRR = −
√−gzzQϕϕ. (6)
Note that when the same procedure is applied to an axially symmetric spacetime in Weyl coordinates we have QRR = 0,
i.e., we have no radial pressure or tension.
This procedure in principle can be applied to any spacetime solution of the Einstein equations with or without
source (stress tensor). The application to a static sphere of perfect fluid is schematized in Fig. 2. The sphere is
displaced and cut by a distance a less then its radius rb. The part of the space that contains the center of the sphere
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FIG. 2: An illustration of the “displace, cut and reflect” method for the generation of disks with halos. In A the sphere of
perfect fluid is displaced and cut by a plane (dotted line), in B the lower part is disregarded and the upper part is reflected on
the plane.
BA
FIG. 3: An illustration of the “displace, cut and reflect” method for the generation of disks with various layers of halos. In A
the sphere with different layers of fluid is displaced and cut with a plane (dotted line), in B the field is reflected on the plane.
is disregarded. After the inversion of the remaining space, we end up with a disk surrounded by a cap of perfect fluid.
The properties of the inner part of the disk will depend on the internal fluid solution, but if the internal spherical
fluid solution is joined to the standard external Schwarzschild solution, the physical properties of the outer part of
the disk will be those originated from Schwarzschild’s vacuum solution.
In isotropic coordinates the matching at the boundary of the fluid sphere leads to four continuity conditions
metric functions eλ and eν together with their first derivatives with respect to the radial coordinate should be
continuous across the boundary. In addition, to have a compact body the pressure at the surface of the material
sphere has to drop to zero. Also to have a meaningfully solution the velocity of sound, V2 = dpdρ should be restricted
to the interval 0 ≤ V < 1.
The Einstein equations for a static spherically symmetric space time in isotropic coordinates for a perfect fluid
source give us that density ρ and pressure p are related to the metric functions by
ρ = −e
−λ
8pi
[
λ
′′
+
1
4
(λ′)2 +
2λ′
r
]
, (7)
p =
e−λ
8pi
[
1
4
(λ′)2 +
1
2
λ′ν′ +
1
r
(λ′ + ν′)
]
, (8)
where primes indicate differentiation with respect to r.
Also static spheres composed of various layers of fluid can be used to generate disks with halos of fluid layers
(see figure 3). The disk will then be composed of different axial symmetric “pieces” glued together. The matching
conditions at the boundary of adjacent spherical fluid layers in isotropic coordinates involves four continuity conditions:
the two metric functions eλ and eν , the first derivative of λ with respect to the radial coordinate, and the pressure
should be continuous across the boundary. At the most external boundary, the metric functions eλ and eν , and their
first derivatives with respect to the radial coordinate should be continuous across the boundary; also the pressure
there should go to zero.
4III. THE SIMPLEST DISK
We first apply the “displace, cut and reflect” method to generate disks discussed in the previous section and
depicted in Fig. 1 to the Schwarzschild metric in isotropic coordinates (t, r, θ, ϕ),
ds2 =
(
1− m2r
)2(
1 + m2r
)2 dt2 − (1 + m2r
)4 [
dr2 + r2(dθ2 + sin2 θdϕ2)
]
. (9)
Expressing solution (9) in cylindrical coordinates, and using Eq. (3) – (6), we obtain a disk with surface energy density
σ and radial and azimuthal pressures (or tensions) P given by
σ =
4ma
pi(m+ 2
√
R2 + a2)3
, (10)
P = − 2m
2a
pi(m+ 2
√
R2 + a2)3(m− 2√R2 + a2) . (11)
The total mass of the disk can be calculated with the help of Eq. (10):
M =
∫ ∞
0
∫ 2pi
0
σ
√
gRRgϕϕ dR dϕ =
m
4a
(m+ 4a). (12)
Eq. (10) shows that the disk’s surface energy density is always positive (weak energy condition). Positive
values (pressure) for the stresses in azimuthal and radial directions are obtained if m < 2
√
R2 + a2. The strong
energy condition, σ+Pϕϕ+PRR = σ+2P > 0 is then satisfied. These properties characterize a fluid made of matter
with the usual gravitational attractive property. This is not a trivial property of these disks since it is known that the
“displace, cut and reflect” method sometimes gives disks made of exotic matter like cosmic strings, see for instance
[19].
Another useful parameter is the velocity of sound propagation V , defined as V 2 = dPdσ , which can be calculated
using Eq. (10) and Eq. (11):
V 2 =
m(4
√
R2 + a2 −m)
3(m− 2√R2 + a2)2 . (13)
The condition V 2 < 1 (no tachyonic matter) imposes the inequalities m <
√
R2 + a2 or m > 3
√
R2 + a2. If the
pressure condition and the speed of sound less then the speed of light condition are to be simultaneously satisfied,
then m <
√
R2 + a2. This inequality will be valid in all the disk if m < a.
With the presence of radial pressure one does not need the assumption of streams of rotating and counter
rotating matter usually used to explain the stability of static disk models. However, a tangential velocity (rotation
profile) can be calculated by assuming a test particle moves in a circular geodesic on the disk. We tacitly assume that
this particle only interact gravitationally with the fluid. This assumption is valid for the case of a particle moving in
a very diluted gas like the gas made of stars that models a galaxy disk.
The geodesic equation for the R coordinate obtained from metric (2) is
eλR¨+
1
2
(eν),R t˙
2 − 1
2
(eλ),R(R˙
2 + z˙2)− 1
2
(
eλR2
)
,R
ϕ˙2 = 0. (14)
For circular motion on the z = 0 plane, R˙ = R¨ = 0 and z˙ = 0, then Eq. (14) reduces to
ϕ˙2
t˙2
=
(eν),R
(eλR2),R
. (15)
The tangential velocity measured by an observer at infinity is then
v2c = −
gϕϕ
gtt
(
dϕ
dt
)2
= R2
eλ(eν),R
eν(R2eλ),R
. (16)
From the metric on the disk,
eν =
(
1− m
2
√
R2+a2
)2
(
1 + m
2
√
R2+a2
)2 and eλ =
(
1 +
m
2
√
R2 + a2
)4
, (17)
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FIG. 4: (a) The surface energy density σ, (b) pressures P , (c) sound velocity V and (d) tangential velocity vc (rotation curve
or rotation profile) with m = 0.5 and a = 0.6, 0.8, 1.0, and 1.2 as function of R˜ = R/m. We use geometric units G = c = 1.
we find that Eq. (16) can be cast as,
v2c =
mR2(
1− m
2
√
R2+a2
) [
(R2 + a2)3/2 + m2 (a
2 −R2)] . (18)
For R >> a, Eq. (18) goes as vc = (m/R)
1/2, the Newtonian circular velocity.
To determine the stability of circular orbits on the disk’s plane, we use an extension of Rayleigh [20, 21] criteria
of stability of a fluid at rest in a gravitational field
h
dh
dR
> 0, (19)
where h is the specific angular momentum of a particle on the disk’s plane:
h = −gϕϕ dϕ
ds
= −gϕϕ dϕ
dt
dt
ds
. (20)
Using Eq. (15) and the relation
1 = eν
(
dt
ds
)2
−R2eλ
(
dϕ
ds
)2
, (21)
one obtains the following expression for h:
h = R2eλ
√
(eν),R
eν(R2eλ),R −R2eλ(eν),R . (22)
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FIG. 5: (a) The surface energy density σ, (b) pressures P and (c) sound velocity V with a = 1.0 and m = 0.2, 0.4, 0.6, and 0.8
as function of R˜ = R/a.
For the functions (17), Eq. (22) reads
h =
2
√
mR2
(
1 + m
2
√
R2+a2
)2
(R2 + a2)1/4√
4(R2 + a2)2 − 8mR2√R2 + a2 +m2(R2 − a2)
. (23)
The stability criterion is always satisfied for am ' 1.016.
In figure 4 (a)–(d) we show, respectively, the surface energy density, pressures, the sound velocity and curves of
the tangential velocity (rotation curves) Eq. (18) with m = 0.5 and a = 0.6, 0.8, 1.0, and 1.2 as functions of R˜ = R/m.
Figure 5 (a)–(c) display, respectively, the surface energy density, pressures and sound velocity with parameters a = 1.0
and m = 0.2, 0.4, 0.6, 0.8 as as functions of R˜ = R/m. We see that the first three quantities decrease monotonically
with the radius of the disk, as can be checked from Eq. (10), (11) and (13). Energy density decreases rapidly enough
to, in principle, define a cut off radius and consider the disk as finite.
IV. DISKS WITH HALOS
Now we study some disks with halos constructed from several exact solutions of the Einstein equations for
static spheres of perfect fluid. A survey of these class of solutions is presented in [22].
A. Buchdahl’s Solution
The first situation that we shall study is similar to the one depicted in Fig. 2 wherein we start with a sphere of
perfect fluid. This case will not be exactly the same as the one presented in the mentioned figure because the sphere
has no boundary. Hence the generated disk will be completely immersed in the fluid. An example of exact solution
7of the Einstein equations that represent a fluid sphere with no boundary is the the Buchdahl solution that may be
regarded as a reasonably close analogue to the classical Lane-Emden index 5 polytrope [23]. The metric functions for
this solution are:
eν =
(
1− A√
1+kr2
1 + A√
1+kr2
)2
, eλ =
(
1 +
A√
1 + kr2
)4
, (24)
where A and k are constants. Far from the origin the solution goes over into the external Schwarzschild metric, when
m = 2A√
k
. The density, pressure and sound velocity are given by:
ρ =
3Ak
2pi(A+
√
1 + kr2)5
, p =
kA2
2pi(−A+√1 + kr2)(A+√1 + kr2)5 , (25)
V2 =
2A(−2A+ 3√1 + kr2)
15(A−√1 + kr2)2 . (26)
The condition V < 1 is satisfied for A < (18−
√
39)
19
√
1 + kr2.
Using Eq. (24) and Eqs. (3)–(6), we get the following expressions for the energy density, pressure and sound
velocity of the disk:
σ =
akA
pi
[
A+
√
1 + k(R2 + a2)
]3 , (27)
P =
akA2
2pi
[
−A+
√
1 + k(R2 + a2)
] [
A+
√
1 + k(R2 + a2)
]3 , (28)
V 2 =
A
[
−A+ 2
√
1 + k(R2 + a2)
]
3
[
A−
√
1 + k(R2 + a2)
]2 . (29)
The conditions V < 1 and P > 0 are both satisfied if A < 12
√
1 + ka2. Figure 6 (a)–(d) shows, respectively, σ, P , V
and rotation curves, Eq. (30), as functions of R˜ = R/m for the disk calculated from Buchdahl’s solution.
In figure 7 (a)–(b) we show, respectively, the density ρ together with pressure p, and sound velocity V of the
halo along the axis z for A = 0.6; k = 1 and a = 1. Note that in this solution there is no boundary of the fluid sphere:
the disk is completely immersed in the fluid.
The tangential velocity vc calculated from metric coefficients (24) is
v2c =
2AkR2(
1−A/
√
1 + k(R2 + a2)
){
[1 + k(R2 + a2)]3/2 +A[1 + k(a2 −R2)]} . (30)
For R >> a, Eq. (30) goes as vc = (2A)
1/2/(R1/2k1/4). The specific angular momentum follows from Eq. (22) and
Eq. (24):
h =
√
2AkR2
(
1 + A√
1+k(R2+a2)
)2
[1 + k(R2 + a2)]1/4√
[1 + k(R2 + a2)]2 − 4AkR2
√
1 + k(R2 + a2)−A2[1 + k(a2 −R2)]
. (31)
B. Narlikar-Patwardhan-Vaidya Solutions 1a and 1b
Now we shall study the generation of a disk solution with an halo exactly as the one depicted in Fig. 2. We start
with a solution of the Einstein equations in isotropic coordinates that represents a sphere with radius rb of perfect fluid
that on r = rb will be continuously matched to the vacuum Schwarzschild solution. Narlikar, Patwardhan and Vaidya
[24] gave the following two exact solutions of the Einstein equations for a static sphere of perfect fluid characterized
by the metric functions (λ, ν1a) and (λ, ν1b),
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FIG. 6: (a) The surface energy density σ, Eq. (27), (b) the pressure P Eq. (28), (c) the velocity of sound V Eq. (29), (d) the
tangential velocity vc Eq. (30) for the disk with A = 0.6; k = 1; for a = 1, 2 and 3 as function of R˜ = R/m.
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FIG. 7: (a) The density ρ and pressure p Eq. (25) and (b) the velocity of sound V Eq. (26) for the halo with A = 0.6; k =
1 and a = 1 along the axis z.
eλ = Crk, (32)
eν1a =
(
A1ar
1−n+k/2 +B1ar1+n+k/2
)2
for − 2 +
√
2 < k ≤ 0, (33)
eν1b = r
√
2 [A1b +B1b ln(r)]
2
for k = −2 +
√
2, (34)
where A1a, A1b, B1a, B1b, C are constants, and n =
√
1 + 2k + k2/2. We shall refer to these solutions as NPV 1a
and NPV 1b, respectively.
9The density, pressure and sound velocity for for the solutions (λ, ν1a) and (λ, ν1b), will be denoted by (ρ, p1a, V1a)
and (ρ, p1b, V1b), respectively. We find,
ρ =
−k(k + 4)r−2−k
32piC
, (35)
p1a =
1
32piCr2+k(A1a +B1ar2n)
{
A1a
[
3k2 + 8(1− n)− 4k(n− 3)]
+B1a
[
3k2 + 8(1 + n) + 4k(n+ 3)
]
r2n
}
, (36)
p1b =
A1b +B1b ln(r) + 2
√
2B1b
16piC[A1b +B1b ln(r)]
, (37)
V21a =
1
k(k + 4)(A1a +B1ar2n)2
{
A21a
[−3k2 + 8(n− 1) + 4k(n− 3)]
−B21ar4n
[
3k2 + 8(1 + n) + 4k(n+ 3)
]− 2A1aB1ar2n [3k(k + 4) + 8(1− n2)]} , (38)
V21b =
2B21br
√
2
[A1b +B1b ln(r)]2
. (39)
The condition of continuity of the metric functions (λ, ν) given by (32)–(34) and the corresponding functions
in Eq. (9) at the boundary r = rb leads to following expressions:
m
2rb
= − k
k + 4
, C = r−kb
(
4
k + 4
)4
, (40)
A1a = −3k
2 + 8(1 + n) + 4k(n+ 3)
16nr
1−n+k/2
b
, B1a =
3k2 + 8(1− n)− 4k(n− 3)
16nr
1+n+k/2
b
, (41)
A1b = −2
√
2 + ln(rb)
4r
1/
√
2
b
, B1b =
1
4r
1/
√
2
b
. (42)
V1a has its maximum at r = 0, and V1b at r = rb. Condition V1b(rb) < 1 is satisfied if rb < 4
1/
√
2.
Using Eq. (32)–(34) in Eq. (3)–(6), we get the following expressions for the energy density, pressure and sound
velocity of the disk:
σ = − ka
4pi
√
CR1+k/4 , (43)
P1a =
a
4pi
√
CR1+k/4
[A1a(k − n+ 1) +B1a(k + n+ 1)Rn]
[A1a +B1aRn] , (44)
P1b =
a
4pi
√
CR1/2+
√
2/4[2A1b +B1b ln(R)]
[
2A1b(
√
2− 1) + 2B1b
+B1b(
√
2− 1) ln(R)
]
, (45)
V 21a =
1
k(k + 4)
[
A1aR−n/2 +B1aRn/2
]2 [−B21aRn(k2 + 5k + nk + 4n+ 4)
+A21aR−n(−k2 − 5k + nk + 4n− 4) + 2A1aB1a(−k2 − 5k + 4n2 − 4)
]
, (46)
V 21b =
1
2(2A1b +B1b ln(R))2
[
B21b
√
2 ln2(R) + 2B1b(2B1b +B1b
√
2 + 2A1b
√
2)
× ln(R) + 4A1bB1b(2 +
√
2) + 4
√
2A21b + 8B
2
1b
]
, (47)
where R = R2 + a2. V1a and V1b have their maximum values at R = 0. Because the expressions are rather involved,
the restrictions on the constants to ensure the velocities are positive and less then one is best done graphically. The
curves of σ, P and V as function of R˜ = R/m with parameters k = −1/2; rb = 2 and a = 0.5, 1.0,1.5 are displayed
in figure 8 (a)–(c), respectively. Figure 9 (a)–(b) show the density ρ, pressure p and velocity of sound V for the halo
with parameters k = −1/2; rb = 2, for a = 0.5 along the axis z. The same physical quantities are shown in figures
11 (a)–(c) and 12 (a)–(b) with k = −2 + √2. We note that σ and P are continuous at the boundary between the
internal and external parts of the disk, but the velocity of sound has a discontinuity.
10
0
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0 2 4 6 8 10
R = R / m~
(a)
σ
a=0.5
a=1.0
a=1.5
0
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0.008
0.009
0.010
0 2 4 6 8 10
R = R / m~
(b)
P
a=0.5
a=1.0
a=1.5
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0 2 4 6 8 10
R = R / m~
(c)
V
a=0.5
a=1.0
a=1.5
FIG. 8: (a) The surface energy density σ Eq. (43), (b) the pressure P Eq. (44) and (c) the velocity of sound V Eq. (46) for the
disk with k = −1/2; rb = 2; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m.
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FIG. 9: (a) The density ρ Eq. (35) and pressure p Eq. (36), (b) the velocity of sound V Eq. (38) for the halo with k = −1/2; rb =
2; for a = 0.5 along the axis z.
The tangential velocity vc is given by
v2c1a = 2R
2A1a(1− n+ k/2) +B1a(1 + n+ k/2)(R2 + a2)n
[A1a +B1a(R2 + a2)n][R2(k + 2) + 2a2]
, (48)
v2c1b = R
2 2
√
2A1b +B1b[4 +
√
2 ln(R2 + a2)]
[2A1b +B1b ln(R2 + a2)][2a2 +
√
2R2]
, (49)
11
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0 2 4 6 8 10
R = R / m~
(a)
vc
a = 0.5
a = 1.0
a = 1.5
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0 2 4 6 8 10
R = R / m~
h dh/dR
(b)
~
a = 0.5
a = 1.0
a = 1.5
FIG. 10: (a) The tangential velocity vc1 Eq. (48) and (b) the curves of h
dh
dR˜
Eq. (50) with k = −1/2; rb = 2; for a =
0.5, 1.0, and 1.5 as function of R˜ = R/m. A region of instability appears on the disk generated with parameter a = 0.5.
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FIG. 11: (a) The surface energy density σ Eq. (43), (b) the pressure P Eq. (45), (c) the velocity of sound V Eq. (47) for the
disk with k = −2 +√2; rb = 2; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m.
and the specific angular momentum h,
h1a =
√
CR2(R2 + a2)k/4
√
A1a(1− n+ k/2) +B1a(1 + n+ k/2)(R2 + a2)n
A1a(a2 + nR2) +B1a(a2 − nR2)(R2 + a2)n , (50)
h1b =
√
CR2(R2 + a2)−1/2+
√
2/4
√
2B1b +
√
2[A1b +B1b ln(
√
R2 + a2)]
2a2[A1b +B1b ln(
√
R2 + a2)]− 2B1bR2
. (51)
In figure 10 (a)–(b), the curves of tangential velocity Eq. (48) and h dh
dR˜
Eq. (50), respectively, are displayed as
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FIG. 12: (a) The density ρ Eq. (35) and pressure p Eq. (37), (b) the velocity of sound V Eq. (39) for the halo with k =
−2 +√2; rb = 2; for a = 0.5 along the axis z.
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FIG. 13: (a) The tangential velocity vc2 Eq. (49), (b) the curves of h
dh
dR˜
Eq. (51) with k = −2 + √2; rb = 2; for a =
0.5, 1.0, and 1.5 as function of R˜ = R/m. As in the previous case, the same region of instability occurs.
functions of R˜ = R/m with k = −1/2; rb = 2; a = 0.5, 1.0,1.5. The same quantities are shown in figure 13(a)–(b)
with k = −2 + √2. For a = 0.5 the disks have a small region of unstable orbits immediately after the “boundary
radius”.
C. Narlikar-Patwardhan-Vaidya Solutions 2a and 2b
Like in the previous subsections we study the generation of a disk solution with an halo exactly as the one
depicted in Fig. 2. We also start with a solution of the Einstein equations in isotropic coordinates that represents a
sphere of radius rb of perfect fluid that on r = rb will the continuously matched to the vacuum Schwarzschild solution.
We will use another two solutions found by Narlikar, Patwardhan and Vaidya [24] that we shall refer as NPV 2a and
NPV 2b, respectivelly. that are characterized by the metric functions (λ, ν2a) and (λ, ν2b),
eλ = 1
(A1r1+n/2+A2r1−n/2)
2 (52)
eν2a =
(B1ar1+x/2+B2ar1−x/2)
2
(A1r1+n/2+A2r1−n/2)
2 for
√
2 < n ≤ 2, (53)
eν2b = [B1b+B2b ln(r)]
2
(A1r1/
√
2+A2r−1/
√
2)
2 for n =
√
2. (54)
where the A’s and B’s are constants and x =
√
2n2 − 4. The solution (λ, ν2a) with n = 2 corresponds to Schwarzschild’s
internal solution in isotropic coordinates (see for instance Ref. [22]). This solution has constant density and is
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conformally flat when B1a = 0.
The density, pressure and sound velocity for the solutions (λ, ν2a) and (λ, ν2b), will be denoted by (ρ, p2a, V2a)
and (ρ, p2b, V2b), respectively. We find,
ρ =
1
32pi
[
(4− n2)
(
A1r
n/2 +A2r
−n/2
)2
+ 12n2A1A2
]
, (55)
p2a =
1
32pi
[
−12n2A1A2 + (3n2 − 4)
(
A1r
n/2 +A2r
−n/2
)2
+
2nx(B2a −B1arx)
B2a +B1arx
(
A21r
n −A22r−n
)]
, (56)
p2b =
1
16pi(B1b +B2b ln(r))
[
(B1b + B2b ln(r))
(
A21r
√
2 + A22r
−
√
2 − 10A1A2
)
+2
√
2B2b
(
A22r
−√2 −A21r
√
2
)]
, (57)
V22a =
1
(4− n2) (A21rn −A22r−n) (B2a +B1arx)2
{
B22a
[
A21r
n(3n2 + 2nx− 4)
+A22r
−n(−3n2 + 2nx+ 4)]+B21ar2x [A21rn(3n2 − 2nx− 4)
+A22r
−n(−3n2 − 2nx+ 4)]+ 2B1aB2arx [A21rn(3n2 − 2x2 − 4)
+A22r
−n(−3n2 + 2x2 + 4)]} , (58)
V22b =
1
[B1b +B2b ln(r)]2
(
A21r
√
2 −A22r−
√
2
) {A21r√2 [(B1b +B2b ln(r))
×(B1b +B2b ln(r) − 2
√
2B2b) + 2B
2
2b
]
−A22r−
√
2
×
[
(B1b +B2b ln(r))(B1b +B2b ln(r) + 2
√
2B2b) + 2B
2
2b
]}
. (59)
The condition of continuity of the metric functions (λ, ν) given by (52)–(54) and the corresponding functions
in Eq. (9) at the boundary r = rb leads to following expressions:
A1 =
1
nr
2+n/2
b
(
1 + m2rb
)3
[
m
2
− rb
(
1− n
2
− mn
4rb
)]
, (60)
A2 =
1
r
2−n/2
b
(
1 + m2rb
)3
[
−m
2n
+ rb
(
1
2
+
1
n
+
m
4rb
)]
, (61)
B1a =
−4r2b
(
1− 2mrb
)
−m2 + 2xr2b
(
1− m2
4r2b
)
4xr
3+x/2
b
(
1 + m2rb
)4 , (62)
B2a =
4r2b
(
1− 2mrb
)
+m2 + 2xr2b
(
1− m2
4r2b
)
4xr
3−x/2
b
(
1 + m2rb
)4 , (63)
B1b =
1
4r3b
(
1 + m2rb
)4 [4r2b −m2 + (m2 − 8mrb + 4r2b ) ln(rb)] , (64)
B2b = −m
2 − 8mrb + 4r2b
4r3b
(
1 + m2rb
)4 . (65)
V2a has its maximum at r = rb, and V2b at r = 0.
Using Eq. (52)–(54) in Eq. (3)–(6), we get the expressions for the energy density, pressure and sound velocity
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of the disk:
σ =
a
4pi
[
A1(2 + n)R−1/2+n/4 +A2(2− n)R−1/2−n/4
]
, (66)
P2a = − a
8pi
(
B1aR1/2+x/4 +B2aR1/2−x/4
) [B1aA1(2 + 2n− x)R(x+n)/4
+B1aA2(2− 2n− x)R(x−n)/4 +B2aA1(2 + 2n+ x)R(−x+n)/4
+B2aA2(2− 2n+ x)R−(x+n)/4
]
, (67)
P2b = − a
4pi[2B1b +B2b ln(R)]
{
2(1 +
√
2)B1bA1R−1/2+
√
2/4
+2(1−
√
2)B1bA2R−1/2−
√
2/4 +
[
(1 +
√
2) ln(R) − 2
]
B2bA1R−1/2+
√
2/4
+
[
(1−
√
2) ln(R)− 2
]
B2bA2R−1/2−
√
2/4
}
, (68)
V 22a =
1
2(4− n2) [A2 +A1Rn/2] [B2a +B1aRx/2]2
{
A1Rn/2
[
B21a(n− 2)(2n− x+ 2)Rx +B22a(n− 2)(2n+ x+ 2)
−4B1aB2a(−n2 + n+ x2 + 2)Rx/2
]
+A2
[
B21a(n+ 2)(2n+ x− 2)Rx
+B22a(n+ 2)(2n− x− 2)− 4B1aB2a(−n2 − n+ x2 + 2)Rx/2
]}
, (69)
V 22b = −
2B1b + 2B2b +B2b ln(R)
2[2B1b +B2b ln(R)]2[A2 +A1R1/
√
2]
{[√
2 ln(R)− 4
]
×B2bA1R1/
√
2 −
[√
2 ln(R) + 4
]
B2bA2 + 2
√
2B1b
[
A1R1/
√
2 −A2
]}
, (70)
where R = R2 + a2. The curves of σ, P and V as function of R˜ = R/m with parameters n = 1.8; m = 0.5; rb =
2 and a = 0.5, 1.0,1.5 are displayed in figure 14 (a) – (c), respectively. Figure 15 (a) – (b) shows the density ρ,
pressure p and velocity of sound V for the halo with parameters n = 1.8; m = 0.5; rb = 2, for a = 0.5 along the axis
z. The same physical quantities are shown in figures 17 and 18 with n =
√
2.
The tangential velocity vc is given by
v2c2a = R
2A2[B1a(n+ x)Rx/2 +B2a(n− x)] −A1Rn/2[B1a(n− x)Rx/2 +B2a(n+ x)]
[B1aRx/2 +B2a][A1Rn/2(2a2 − nR2) +A2(2a2 + nR2)]
, (71)
v2c2b = R
2A2[2
√
2B1b +B2b(4 +
√
2 ln(R))] −A1R
√
2/2[2
√
2B1b +B2b(−4 +
√
2 ln(R))]
[2B1b +B2b ln(R)][A1R
√
2/2(2a2 −√2R2) +A2(2a2 +
√
2R2)]
, (72)
and the specific angular momentum h
h2a =
R2R−1/2+n/4
(A1Rn/2 +A2)3/2
√
B1a(2a2 − xR2)Rx/2 + B2a(2a2 + xR2)
×
{
A2[B1a(n+ x)Rx/2 +B2a(n− x)]−A1Rn/2[B1a(n− x)Rx/2 +B2a(n+ x)]
}1/2
, (73)
h2b =
R2R−1/2+
√
2/4
[A1R
√
2/2 +A2]3/2
√
4a2B1b + 2B2b[−2R2 + a2 ln(R)]
×
{
A2[2
√
2B1b +B2b(4 +
√
2 ln(R))] −A1R
√
2/2[2
√
2B1b +B2b(−4 +
√
2 ln(R))]
}1/2
. (74)
In figure 16 (a)–(b), the curves of tangential velocities Eq. (71) and h dh
dR˜
Eq. (73), respectively, are displayed as
functions of R˜ = R/m with n = 1.8; m = 0.5; rb = 2; a = 0.5, 1.0,1.5. Figure 19 shows the same quantities with
n =
√
2. Unlike solution 2, no unstable circular orbits are present for the disks constructed with these parameters.
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FIG. 14: (a) The surface energy density σ Eq. (66), (b) the pressure P Eq. (67), (c) the velocity of sound V Eq. (69) for the
disk with n = 1.8; m = 0.5; rb = 2; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m.
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FIG. 15: (a) The density ρ Eq. (55) and pressure p Eq. (56), (b) the velocity of sound V Eq. (58) for the halo with n = 1.8; m =
0.5; rb = 2; for a = 0.5 along the axis z.
V. DISKS WITH COMPOSITE HALOS FROM SPHERICAL SOLUTIONS
We study two examples of disks with halos constructed from spheres of fluids with two layers as the ones
depicted in Fig. 3.
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FIG. 16: (a) The tangential velocity vca Eq. (71), (b) the curves of h
dh
dR˜
Eq. (73) with n = 1.8; m = 0.5; rb = 2; for a =
0.5, 1.0, and 1.5 as function of R˜ = R/m. The disks have no unstable orbits for these parameters.
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FIG. 17: (a) The surface energy density σ Eq. (66), (b) the pressure P Eq. (68), (c ) the velocity of sound V Eq. (70) for the
disk with n =
√
2; rb = 2; m = 0.5; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m.
A. Internal Schwarzschild solution and Buchdahl solution
Let us consider a fluid sphere is formed by two layers: The internal layer, 0 ≤ r < r1, will be taken as the
internal Schwarzschild solution (solution 2a with n=2),
eν =
(
B1r
2 +B2
)2
(A1r2 +A2)
2 , e
λ =
1
(A1r2 +A2)
2 . (75)
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FIG. 18: (a) The density ρ Eq. (55) and pressure p Eq. (57), (b) the velocity of sound V Eq. (59) for the halo with n =
√
2; rb =
2; for a = 0.5 along the axis z.
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FIG. 19: (a) The tangential velocity vcb Eq. (72), (b) The curves of h
dh
dR˜
Eq. (74) with n =
√
2; m = 0.5; rb = 2; for a =
0.5, 1.0, and 1.5 as function of R˜ = R/m. The disks have no unstable orbits for these parameters.
The external layer, r > r1 is taken as the Buchdahl solution,
eν =
(
1− C√
1+kr2
1 + C√
1+kr2
)2
, eλ =
(
1 +
C√
1 + kr2
)4
. (76)
Note that the external layer has no boundary, i.e., this layer has infinite radius.
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FIG. 20: (a) The surface energy density σ, (b) the pressure P , (c ) the velocity of sound V for the disk generated from spherical
fluid layers Eq. (75)–(76) with m = 1; k = 1; r1 = 2; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m.
According to the continuity conditions at r = r1, the constants are related through:
A1 =
Ck(
C +
√
1 + kr21
)3 , A2 = 1 +
C
(1+kr2
1
)3/2(
1 + C√
1+kr2
1
)3 , (77)
B1 =
Ck
(1 + kr21)
(
1 + C√
1+kr2
1
)3D, (78)
D =
[
C(1 − 3kr21)− C
2√
1+kr2
1
(1− kr21) + 2(1 + kr21)3/2
]
[
(1 + kr21)
2 + 2C
√
1 + kr21 + C
2(1− kr21)
] , (79)
B2 =
1− C√
1+kr2
1(
1 + C√
1+kr2
1
)3 −B1r21 . (80)
With these relations, one verifies that, using Eq. (27) and Eq. (66), Eq. (28) and Eq. (67), both the energy density
and the pressure are continuous at the radius R =
√
r21 − a2 of the disk.
Figure 20 (a)–(c) shows, respectively, σ, P and V for the disk obtained from fluid layers Eq. (75)–(76) with
parameters m = 1; k = 1; r1 = 2; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m. The density ρ, pressure p and
velocity of sound V for the halo along the z axis with the same parameters for a = 0.5 is shown in figure 21.
In figure 22 (a)–(b), the curves of tangential velocities and of h dh
dR˜
, respectively, are displayed as functions of
R˜ = R/m.
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FIG. 21: (a) The density ρ and pressure p, (b) the velocity of sound V for the halo formed by fluid layers Eq. (75)–(76) with
m = 1; k = 1; r1 = 2 and a = 0.5 along the axis z.
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FIG. 22: (a) The tangential velocity vc, (b) the curves of h
dh
dR˜
for the disk generated from fluid layers Eq. (75)–(76) with
m = 1; k = 1; r1 = 2; for a = 0.5, 1.0 and 1.5 as function of R˜ = R/m. The disks obtained with these parameters have no
unstable orbits.
B. NPV Solution 2b with n =
√
2 and NPV solution 1b with k = −2 +√2
Now we consider a sphere composed with two finite layers: The internal layer, 0 ≤ r < r1, is taken as the NPV
solution 2b with n =
√
2,
eν =
(B1 +B2 ln(r))
2(
A1r
√
2/2 +A2r−
√
2/2
)2 , eλ = 1(
A1r1+
√
2/2 +A2r1−
√
2/2
)2 . (81)
The external layer, r1 < r < r2, is taken as the NPV solution 1b with k = −2 +
√
2,
eν = r
√
2 (A3 +B3 ln(r))
2
, eλ = Cr−2+
√
2. (82)
The spacetime outside the sphere, r > r2, will be taken as the Schwarzschild’s vacuum solution is isotropic coordinates.
eν =
(
1− m2r
)2(
1 + m2r
)2 , eλ = (1 + m2r
)4
. (83)
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FIG. 23: (a) The surface energy density σ, (b) the pressure P , (c ) the velocity of sound V for the disk generated from spherical
fluid layers Eq. (81)–(82) with r1 = 1; r2 = 2; for a = 0.3, 0.6 and 0.9 as function of R˜ = R/m.
In this case the pressure should be zero at r = r2. The continuity conditions at r = r1 and r = r2 give the relations:
m
r2
=
√
2(2−√2)
1 +
√
2
, C =
64r2−
√
2
2
(1 +
√
2)4
, B3 =
1
4r
1/
√
2
2
, A3 = −2
√
2 + ln(r2)
r
1/
√
2
2
, (84)
A1 = 0, A2 =
1√
C
, B2 =
r
√
2
1
2
√
2C
[
(A3 +B3 ln(r1)) (1− r−
√
2
1 ) + 2
√
2B3
]
, (85)
B1 =
r
√
2
1
2
√
2C
[
(A3 +B3 ln(r1))
(
2
√
2r−
√
2
1 − ln(r1) + ln(r1)r−
√
2
1
)
− 2
√
2B3 ln(r1)
]
. (86)
Using Eq. (43) and Eq. (66), the energy density of the disk at R =
√
r21 − a2 is continuous, but not the pressure. The
difference between Eq. (68) and Eq. (45) is
∆P =
a(r
√
2/2
1 − r−
√
2/2
1 )
16pi
√
Cr1(A3 +B3 ln(r1))
[√
2(A3 +B3 ln(r1)) + 4B3
]
. (87)
The pressure is continuous if r
√
2/2
1 − r−
√
2/2
1 = 0→ r1 = 1.
Figure 23 (a)–(c) shows, respectively, σ, P and V for the disk obtained from fluid layers (81)–(82) with
parameters r1 = 1; r2 = 2; for a = 0.3, 0.6 and 0.9 as function of R˜ = R/m. The density ρ, pressure p and velocity
of sound V for the halo along the z axis with the same parameters for a = 0.3 is shown in figure 24.
In figure 25 (a)–(b), the curves of tangential velocities and of h dh
dR˜
, respectively, are displayed as functions of
R˜ = R/m. In this case, regions of unstable orbits exist for parameters a = 0.3 and a = 0.6.
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FIG. 24: (a) The density ρ and pressure p, (b) the velocity of sound V for the halo formed by fluid layers Eq. (81)–(82) with
r1 = 1; r2 = 2 and a = 0.3 along the axis z.
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FIG. 25: (a) The tangential velocity vc, (b) the curves of h
dh
dR˜
for the disk generated from spherical fluid layers Eq. (81)–(82)
with r1 = 1; r2 = 2; for a = 0.3, 0.6 and 0.9 as function of R˜ = R/m. Regions of unstable circular orbits appear for the disks
obtained with parameters a = 0.3 and 0.6.
VI. DISCUSSION
The “displace, cut and reflect” method applied to solutions of Einstein field equations in isotropic coordinates
can generate disks with positive energy density and equal radial and azimuthal pressures (perfect fluid). With solutions
of static spheres of perfect fluid it is possible to construct disks of perfect fluid surrounded also by perfect fluid matter.
As far we know these are the first disk models of this kind in the literature.
All disks constructed as examples have some common features: surface energy density and pressures decrease
monotonically and rapidly with radius. As the “cut” parameter a decreases, the disks become more relativistic, with
surface energy density and pressure more concentrated near the center. Also regions of unstable circular orbits are
more likely to appear for high relativistic disks. Parameters can be chosen so that the sound velocity in the fluid and
the tangential velocity of test particles in circular motion are less then the velocity of light. This tangential velocity
first increases with radius and reaches a maximum. Then, for large radii, it decreases as 1/
√
R, in case of disks
generated from Schwarzschild and Buchdahl’s solutions. The sound velocity is also a decreasing function of radius,
except in solution NPV 2a with
√
2 < n ≤ 2, where it reaches its maximum value at the boundary. In principle other
solutions of static spheres of perfect fluid could be used to generate other disk + halo configurations, but it is not
guaranteed that the disks will have the characteristics of normal fluid matter.
We believe that the presented disks can be used to describe more realistic model of galaxies than most of the
already studied disks since the counter rotation hypothesis is not needed to have a stable configuration.
We want to finish our discussion by presenting a table that summarizes our results about disks in an unify
manner.
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Disks properties
Solution metric matching energy pressure sound angular
coefficients conditions density velocity momentum
External Schwarzschild (9) – (10) (11) (13) (23)
Buchdahl (24) – (27) (28) (29) (31)
NPV 1a (32)–(33) (40)–(41) (43) (44) (46) (50)
NPV 1b (32), (34) (40), (42) (43) (45) (47) (51)
NPV 2a (52)–(53) (60)–(63) (66) (67) (69) (73)
NPV 2b (52), (54) (60)–(61), (64)–(65) (66) (68) (70) (74)
Internal Schwarzschild
+Buchdahl (75)–(76) (77)–(80) (66), (27) (67), (28) (69), (29) (73), (31)
NPV 2b+NPV 1b (81), (82), (84)–(86) (66), (43), (68), (45), (70), (47), (74), (51),
+external Schwarzschild (83) (10) (11) (13) (23)
In the table we list the seed metric coefficients, matching conditions at the boundaries and relevant physical
quantities of all disks studied in this work. The numbers refer to the equations presented along the paper and NPV
stands for Narlikar, Patwardhan and Vaidya as before.
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